Abstract: Given a free ultrafilter on N we say that ∈ [0 1] is the -limit point of a sequence ( ) ∈N ⊂ [0 1] (in symbols,
In what follows, a function is understood to be a continuous function from I into I unless clearly specified otherwise. For : I → I and ∈ I we define 0 ( ) = , 1 ( ) = ( ) and +1 ( ) = ( ( )), ∈ N. The ω-limit set, ω ( ), is the set of all subsequential limits of the sequence { ( )} ∈N , i.e.
ω ( ) =

N∈N { ( ) : ≥ N}
We furnish the family of ω-limit sets of a continuous function with the Hausdorff metric. Then it becomes a subspace of the compact metric space K of all closed non-empty subsets of I.
If Φ is a function from I into the class of non-empty subsets of I, then we say that Φ is lower semi-continuous or lsc (upper semi-continuous or usc, respectively) if for each closed (resp. open) subset V ⊂ I the set { : Φ( ) ⊂ V } is P. Szuca closed (resp. open) in I. It is well known that Φ : I → K is continuous if and only if it is both usc and lsc. Note that if Φ( ) = { ( )} for all , then Φ is continuous if and only if is continuous.
Bruckner and Ceder in [4] considered some questions related to the continuity of the map ω : → ω ( ). They proved the following theorem.
Theorem 1 ([4, Theorem 1.2]).
For a continuous function : I → I the following conditions are equivalent:
(1) ω is continuous; (2) (5) it follows that such an has only periodic points of periods 1 and 2. As is well known, such function has zero topological entropy.)
A filter on N is a family of subsets of natural numbers N closed under taking finite intersections and supersets of its elements. A filter is proper if it does not contain the empty set. A filter is free if it is proper and contains all co-finite sets. If F is a filter on N, then the set F = {N \ A : A ∈ F} is called the dual ideal. Observe that if = F-lim ∈N then is the only F-cluster point of ( ) ∈N . For : I → I define the ω
Any maximal proper filter is called an ultrafilter. We will denote by the symbol βN the set of all ultrafilters. (In fact, the space of all ultrafilters with the appropriate topology is aČech-Stone compactification of N. See e.g. [13] ). For an ultrafilter ∈ βN and : I → I, the function : I → I is defined by ( ) = -lim ( ) for each ∈ I. Such functions have been studied by Blass in [2] , where the author establishes the connection between the algebra of βN and an arbitrary dynamical system. It is important for us that
• is well-defined on I for each ;
• ∈ ω ( ) if and only if there is a ∈ βN \ N such that = ( ), see Corollary 5;
• ω ( ) = { ( )}, so the continuity of ω is equivalent to the continuity of ; and
• ∈ E( ) if and only if there is a ∈ βN such that = , where the enveloping semigroup E( ) is defined as the closure in I I (with its compact, non-metrizable, pointwise convergence topology) of the set { : ∈ N}.
García-Ferreira and Sanchis in [6] analyzed the continuity of at a point . In particular, they showed that if { : ∈ N} is equicontinuous at then is continuous at for each [6, Theorem 3.22] . Our main result, Theorem 2, is an extension of their results in the case of a dynamical system defined on an interval.
Theorem 2.
For a continuous function : I → I the conditions (1)- (8) Remark.
• For other conditions equivalent to the equicontinuity of the family { : ∈ N} (for defined on a compact metric space) see [6, Theorems 3.29, 4.6], [7] .
• In [6, Theorem 3 .27] it is proved that if X is a compact metric space with only one non-isolated point, and : X → X is continuous, then either is continuous for all ∈ βN, or is discontinuous for all ∈ βN \ N.
• For continuous : I → I it is not known whether can be discontinuous at if we assume that is continuous at for = ( ) , = 0 1 , see [6, Question 5.2] .
To prove Theorem 2 we will need the following facts. 
Theorem 3 ([10, Theorem 12]).
Let F be a filter. A point is an F-cluster point of ( ) if and only if
For each ∈ βN \ N, ∈ I and ε > 0 define
Thus, the family { : ∈ βN} is equicontinuous.
(9) ⇒ (10) and (11) ⇒ (12) are obvious.
(10) ⇒ (12). Since ω ( ) = { ( )}, the continuity of is equivalent to the continuity of ω , for any ∈ βN. 
( ) < for each ∈ (
). Then for every ∈ ( ), ( 2 ( )) is an increasing sequence converging to . Hence, by Corollary 6, for each ∈ ( ), ω 
Questions: some forms of chaos and its characterizations
A function is of the first Baire class if it is a pointwise limit of a sequence of continuous functions. It is well known that for a Polish space X and a complete metric space Y , a function : X → Y is Baire 1 if and only if P has a point of continuity for every non-empty closed set P ⊂ X . By B 1 (X ) we will denote the set of all functions of the first Baire class.
A function is of the second Baire class if it is a pointwise limit of a sequence of functions of the first Baire class. It is known that for every continuous the function ω : I → K is of Baire class 2 [4] . However, in general, can be non-measurable. Consider, for example, the shift function σ : 2 A topological space K is Rosenthal compact if it is homeomorphic to a compact subset of the space B 1 (X ) endowed with the pointwise topology for some Polish space X , see e.g. [13] . All compact metric spaces are Rosenthal. A dynamical system (I ) is tame if E( ) is Rosenthal compact.
Theorem 7.
Let X be compact and metric. For a continuous function : X → X the following conditions are equivalent:
(1') (X ) is tame;
') the cardinality of E( ) is less or equal to c; (4') E( ) does not contain a homeomorphic copy of βN; (5') for each in E( ) there exists a non-decreasing sequence of naturals ( ) such that → as → ∞;
(6') is Baire 1 for each ∈ βN.
For the proof, see [3, [7] [8] [9] 11] .
Remark.
By the equivalence of (3') and (4') the cardinality of E( ) is either less or equal to c, or equal to 2 c .
Bruckner and Ceder in [4] show that the sentence ω is not Baire 1 defines some form of chaos, which lies between positive topological entropy and chaos in the sense of Li-Yorke. They have given some characterizations of functions for which ω is Baire 1. For example, ω is Baire 1 if and only if each infinite ω-limit set of is homeomorphic to the Cantor set.
Problem 8.
Let : I → I. Are the conditions from Theorem 7 equivalent to the conditions (7') ω is Baire class 1; (8') each infinite ω-limit set of is homeomorphic to the Cantor set?
Problem 9.
Let : I → I. Are the conditions from Theorem 7 equivalent to the condition (9') ω F is Baire class 1 for each free filter F?
We say that is a 2 ∞ -function if has cycles of order equal to each power of 2 and no others. We say that is a 2 -function if has cycles of order equal to each 2 for ≤ and no others. If has zero topological entropy, we write ( ) = 0. The reader may refer to the literature for the definition. There are known many useful characterizations of zero topological entropy, see e.g. [5, Theorem A] . For our purposes we find it convenient to use the terminology of entropy and we mention only the following characterization: ( ) = 0 if and only if is a 2 ∞ -function or a 2 -function for some .
Recall that by [4] , if ω is Baire 1 then is either a 2 ∞ -function or 2 -function, and, for every 2 -function , ω is Baire 1. Recall also that in the case of being an ultrafilter, ω is Baire 1 if and only if is Baire 1.
Propositions 10 and 11 are motivated by Problem 8 and 9, see Figure 1 .
Proposition 10.
For any free filter F, if ω (ii) By [12, Theorem 3.7 (v) ] the set of periodic points in K is dense in K .
Then there are two different periodic orbits 
Proposition 11.
If is a 2 -function, then ω Proof. First we claim that for each , ω ( ) is a 2 -cycle for some ≤ . (It is enough to check that there are no infinite ω-limit sets for .) Assume that M = ω ( ) is infinite and that K ⊃ M is a maximal ω-limit set for . Since ( ) = 0, by [5, Theorem A (xii)], K does not contain any periodic point. By [12, Theorem 3.6 ] K has periodic decompositions of arbitrarily high period, which implies that has periodic points of arbitrarily high period -a contradiction.
It follows that ω 2 ( ) = { ( )} for some : I → I. Then = lim 
Problem 12.
Suppose that all are Baire 1 (i.e. for each non-empty perfect set P and ∈ βN there is ∈ P such that P is continuous at ). Does, for each non-empty perfect set P, there exist such that all functions P are equicontinuous at ?
Remark.
It is possible to prove that a positive answer to Problem 12 gives a positive answer to Problem 9.
